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In this letter ,we present our conjecture on the connection between the Kontsevich–Witten
and the Hurwitz tau-functions. The conjectural formula connects these two tau-functions
by means of the GL(∞) group element. An important feature of this group element is
its simplicity: this is a group element of the Virasoro subalgebra of gl(∞). If proved, this
conjecture would allow to derive the Virasoro constraints for the Hurwitz tau-function, which
remain unknown in spite of existence of several matrix model representations, as well as to
give an integrable operator description of the Kontsevich–Witten tau-function.
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Introduction
Generating functions in enumerative geometry constitute a particular subclass of partition func-
tions appearing in string theory. It is commonly assumed that partition functions from this
subclass possess nice integrable properties and simple matrix model representations. However,
a number of examples for which this type of description is established are relatively small (see
e.g. [1,2] and references therein). For instance, integrable hierarchies behind the full generating
functions of the Gromov–Witten invariants are known only for the simplest compact manifolds
(a point and a two dimensional sphere) and some of their deformations and modifications. This
aE-mail: alexandrovsash at gmail.com
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is why it is important to investigate the common properties of the known examples and to es-
tablish relations between them. In this letter, we conjecture a new, integrable, reformulation
of the relation between two important tau-functions belonging to the domain of enumerative
geometry: the Kontsevich–Witten tau-function and a generating function of the simple Hurwitz
numbers, which we call the Hurwitz tau-function for the simplicity sake.
Since the early 1990s, when Kontsevich’s matrix integral [3] was used for the description
of the intersections on the moduli spaces (two-dimensional topological gravity investigated by
Witten [4]), the Kontsevich–Witten tau-function became an inevitable part of mathematical
physics [5]. It can arguably be considered as an elementary building block for a huge family
of more complicated partition functions.1 As a consequence of its special role, the Kontsevich–
Witten tau-function is very well studied. In particular, for this tau-function, we know the
already mentioned Kontsevich matrix integral representation, Virasoro constraints, integrable
properties, moment variables description, random partitions representation, spectral curve based
description and a vast net of relationships with other models (see, e.g., [7–11] and references
therein).
Counting of the ramified coverings of Riemann surfaces is another classical subject of enu-
merative geometry. Under particular constraints, the number of possible ramifications is finite
and the generating function of these numbers (called the Hurwitz numbers) can be represented
in terms of the cut-and-join operator [12,13]. This operator belongs to the (central extension of
the) gl(∞) algebra, acting on the space of solutions of the KP hierarchy, what guarantees the
KP integrability of the generating function [14]. In what follows, we deal only with ramifications
over the Riemann sphere. Several matrix model representations of the generating functions for
both simple (with arbitrary ramification over one point) and double (with arbitrary ramification
over two points) Hurwitz numbers are known [15–18].
In this letter, we conjecture a novel relation between the Kontsevich–Witten tau-function and
the Hurwitz tau-function. These two functions are very well known to be closely related [1,19–21]
and our conjecture is based on these known relations. In particular, the Hurwitz numbers
are related to the linear Hodge integrals via the profound Ekedahl–Lando–Shapiro–Vainshtein
(ELSV) formula [22]. On the level of generating functions, this relation is given by a GL(∞)
operator, which is a group element of the Virasoro algebra and thus preserves integrability.
On the other hand, the generating function of the Hodge integrals is a deformation of the
Kontsevich–Witten tau-function [23–26]. Integrable properties of this deformation are more
subtle. Namely, the generating function of the Hodge integrals and the Kontsevich–Witten
tau-function are connected with each other by a Givental operator, which does not belong to
the GL(∞) group, supplemented by a linear change of variables, which is not equivalent to the
local change of the spectral parameter. We conjecture that, while neither Givental operator
nor change of variables respects KP integrability, their combination can be substituted by a
simple GL(∞) operator, which does respect the KP integrability. Moreover, this operator is
conjectured to be also a group element of the Virasoro algebra. Hence the GL(∞) operator
connecting two tau-functions is particularly simple: only components of the Virasoro subalgebra
1However see [6], where it is claimed that the partition function of CP 1 model should be considered as the
most elementary one.
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of gl(∞) contribute to it:
ZK(τk = t2k+1) = e
V̂0 · eV̂+ · eV̂− · e
−
∑
k>0
kk−1βk−1tk
k!g2 ZH(tk;β), (1)
where the operators
V̂0 = a0 log β L̂0
V̂± =
∑
k>0
a±kβ
∓kL̂±k
(2)
are linear combinations of the Virasoro operators (22) and ak are rational numbers. Let us stress
that the l.h.s. of (1) does not depend both on the parameter β and on even times t2k.
This class of relations between two KP tau-functions (in our case one of them is a tau-function
of the 2-reduced KP hierarchy, that is the KdV hierarchy) was described already in [27]. Trans-
formations of this type are the simplest ones among all non-trivial Ba¨cklund transformations
and they naturally generalize relations between equivalent hierarchies [28]. Namely, instead of
the group element from the subalgebra consisting of the negative components of the Virasoro
algebra, which describes a connection between equivalent hierarchies, here we deal with a group
element of the full Virasoro algebra.
The organization of this paper is as follows. Sections 1–3 are devoted to the brief reminder
of the basic properties of two tau-functions connected by a conjectural relation and the gl(∞)
symmetry algebra of the KP hierarchy. In particular, we focus on the matrix model and the
cut-and-join type representations of tau-functions. In section 4, we formulate our conjecture.
Section 5 contains conclusions and open questions.
1 Kontsevich–Witten tau-function
Let Mp;n be the Deligne–Mumford compactification of the moduli space of genus p complex
curves X with n marked points x1, . . . , xn. Let us associate with a marked point a line bundle
Li whose fiber at a moduli point (X;x1, . . . , xn) is the cotangent line to X at xi. Intersection
numbers of the first Chern classes of these holomorphic line bundles∫
Mp;n
ψm11 ψ
m2
2 . . . ψ
mn
n = 〈σm1σm2 . . . σmn〉 (3)
are rational numbers, not equal to zero only if
n∑
i=1
(mi − 1) = 3p − 3 (4)
Their generating function
FK(τk) =
〈
exp
(
∞∑
m=0
(2m+ 1)!!g
2(m−1)
3 τmσm
)〉
=
τ30
3!g2
+
τ1
8
+
τ30 τ1
2g2
+
5
8
τ0τ2 +
105
128
τ4g
2 + . . .
(5)
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is given by the Kontsevich matrix integral over the Hermitian matrix Φ
ZK(τk) = exp (FK(τk)) =
∫
[dΦ] exp
(
1
g
Tr
(
i
Φ3
3!
+
ΛΦ2
2
))
∫
[dΦ] exp
(
1
g
Tr
ΛΦ2
2
) (6)
This integral depends on the external matrix Λ, which is assumed to be a negative defined
diagonal matrix. This dependence is given by a formal series expansion in time variables τk,
which are given by the Miwa transform of the matrix Λ:
τk =
g
(2k + 1)
TrΛ−2k−1 (7)
All τk can be considered as independent variables as the size of the matrices tends to infinity
and in this limit (6) gives the Kontsevich–Witten tau-function.
From (4) it follows that the parameter g governs the genus expansion:
FK(τk) =
∞∑
p=0
g2p−2F
(p)
K (τk) (8)
As we see from (5), g is not an independent parameter – we can get rid of it by the change of
variables τk 7→ g
2(1−k)
3 τk.
The Kontsevich–Witten tau-function satisfies an infinite set of linear differential equations
known as the Virasoro constraints:
L̂mZK =
∂
∂τm+1
ZK , m ≥ −1 (9)
where the operators
L̂m =
∞∑
k=1
(2k + 1) τk
∂
∂τk+m
+
g2
2
m−1∑
k=0
∂2
∂τk∂τm−k−1
+
τ20
2g2
δm,−1 +
1
8
δm,0, m ≥ −1 (10)
constitute a subalgebra of the Virasoro algebra:[
L̂n, L̂m
]
= 2(n −m)L̂n+m (11)
These Virasoro constraints allowed us to derive a cut-and-join type representation for the
Kontsevich–Witten tau-function [29]:
ZK = e
ŴK · 1 (12)
where
ŴK =
2
3
∞∑
k=0
(
k +
1
2
)
τkL̂k−1
=
4
3
∑
k,m≥0
k+m>0
(
k +
1
2
)(
m+
1
2
)
τkτm
∂
∂τk+m−1
+
g2
3
∑
k,m≥0
(
k +m+
5
2
)
τk+m+2
∂2
∂τk∂τm
+
1
g2
τ30
3!
+
τ1
8
(13)
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The most important disadvantage of this representation is that the operator ŴK does not belong
to the gl(∞) algebra, so the integrability is hidden. The main result of this note is a conjecture,
which represents the Kontsevich–Witten tau-function in terms of the finite number of GL(∞)
operators acting on the trivial tau-function. This conjectural representation makes integrable
properties obvious.
2 gl(∞) algebra
In this section, we describe a (central extension of the) gl(∞) algebra, acting on the space of
solutions of the KP hierarchy. Actually, we need only w1+∞ subalgebra of gl(∞). It is generated
by the modes of the vertex operator, which due to boson–fermion correspondence are equivalent
to the bilinear fermionic operators:2
: eφ̂(w)−φ̂(z) : −1
w − z
∼ : ψ(w)ψ∗(z) : (14)
where
φ̂(z) =
∞∑
k=1
(
tk
g
zk − g
1
kzk
∂
∂tk
)
(15)
Normal ordering of the bosonic operator here means that all derivatives stay to the right of all
times, for example
: ti
∂
∂tk
tm := titm
∂
∂tk
(16)
The modes of the l.h.s. of (14) can be represented in terms of the the bosonic current
Ĵ(z) =
∂
∂z
φ̂(z) =
∞∑
k=1
(
k
g
tkz
k−1 +
g
zk+1
∂
∂tk
)
(17)
which itself generates the Heisenberg subalgebra. For w = z+ ǫ we have the following expansion
: eφ̂(z+ǫ)−φ̂(z) : −1
ǫ
= Ĵ(z) +
ǫ
2
(
: Ĵ(z)2 : +Ĵ ′(z)
)
+
ǫ2
3!
(
: Ĵ(z)3 : +3 : Ĵ ′(z)Ĵ(z) : +Ĵ ′′(z)
)
+O(ǫ3)
(18)
Group elements, corresponding to the first term of this expansion (the current itself) generate
the time shifts
exp
(
∞∑
k=1
ak
∂
∂tk
)
ZG(t) = ZG(t+ a) (19)
and multiplication of the tau-function by the exponential of a linear function of times
ZG(t) = exp
(
∞∑
k=1
bktk
)
ZG(t) (20)
2For more details, see e.g. [30,31]
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These are obvious symmetries of the tau-functions.
The next term of the ǫ expansion, : Ĵ(z)2 : (the term Ĵ ′(z) plays no role), generates the
Virasoro algebra with the central charge c = 1:
: Ĵ(z)2 := 2
∞∑
m=−∞
L̂m
zm+2
(21)
where
L̂m =
∞∑
k=1
ktk
∂
∂tk+m
+
g2
2
∑
a+b=m
∂2
∂ta∂tb
+
1
2g2
∑
a+b=−m
a b tatb (22)
so that
[L̂k, L̂m] = (k −m)L̂k+m +
1
12
δk,−m(k
3 − k) (23)
Group elements of the Borel subalgebra generated by L̂m with m < 0 are known to connect
equivalent KP hierarchies.
The next term of the expansion, up to a certain combination of the previous terms, generates
Ŵ3 algebra:
: Ĵ(z)3 := 3
∞∑
k=−∞
Ŵk
zk+3
(24)
an element of which
Ŵ0 =
∑
i,j≥1
ijtitj
g
∂
∂ti+j
+ g(i+ j)ti+j
∂2
∂ti∂tj
(25)
is the cut-and-join operator of the Hurwitz tau-function (see below).
Let us stress that the Virasoro operators (10) for the Kontsevich–Witten tau-function can
be given in terms of the odd part of the current (17), namely:
Ĵ (z) =
∞∑
k=1
(
2k + 1
g
τkz
2k +
g
z2k+2
∂
∂τk
)
(26)
where τk = t2k+1, so that
: Ĵ (z)2 := 2
∞∑
k=−∞
L̂k
z2k+2
−
1
4z2
(27)
3 Hurwitz tau-function
Hurwitz numbers count ramified coverings of a Riemann sphere. More specifically, the simple
Hurwitz number h(p|m1, . . . ,mn) gives the number of the Riemann sphere coverings with N
sheets, M fixed simple ramification points and a single point with ramification structure given
by {mi}, a partition of N . The number of the double ramifications M , the genus p of the cover
and the partition {mi} are related:
M = 2p − 2 +
∑
i=1
(mi + 1) (28)
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One can introduce the generating function of the simple Hurwitz numbers
H(tk) =
∑
p=0
g2p−2
∞∑
n=1
1
n!
∑
mi;M
βM
M !
h(p|m1, . . . ,mn)pm1 . . . pmn (29)
where pk = ktk. According to [12,13], this sum can be represented in terms of the cut-and-join
operator (25):
ZH(tk;β) = exp (H(tk)) = exp
(
gβ
2
Ŵ0
)
· exp
(
t1
g2
)
= 1 +
t1
g2
+
eβg
2
(
t21
2g4
+
t2
g3
)
+
e−βg
2
(
t21
2g4
−
t2
g3
)
+ . . .
(30)
For this generating function, several matrix model representations are known, let us mention
only the simplest ones. The Hurwitz tau-function can be represented as a Hermitian matrix
integral [17]:
ZH(tk;β) =
∫
N×N
[dµ(Φ)] exp
(
−
1
2β
TrΦ2 +Tr
(
eΦ−Nβ/2ψ
))
(31)
where the measure of integration [dµ(Φ)] is non-flat and can be represented in terms of the
standard measure on the space of Hermitian matrices as follows:
[dµ(Φ)] =
√
det
sinh
(
Φ⊗1−1⊗Φ
2
)(
Φ⊗1−1⊗Φ
2
) [dΦ] (32)
The times tk are given by the Miwa transform
tk =
1
k
Trψk (33)
The same tau-function can be given by an integral over normal matrices [18]:
ZH(tk;β) =
∫
N×N
[dZ]
det (ZZ†)
N+ 1
2
exp
(
−
1
2βg
Tr log2 ZZ† +
1
g
TrZ† +
1
g
∞∑
k=1
tkTrZ
k
)
(34)
On can get rid of explicit dependence of N by a simple change of integration variable Z → Z−1.
From the identity
[dZ]
det(ZZ†)N+1
=
[
dZ−1
]
, (35)
we have
ZH(tk;β) =
∫
N×N
[dZ] exp
(
1
g
Tr
(
−
1
2β
log2 ZZ† −
g
2
logZZ† + (Z†)−1 +
∞∑
k=1
tkZ
−k
))
(36)
In all presented matrix models, it is assumed that the size of the matrices tends to infinity and
unimportant tk–independent factors are omitted.
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4 Relation between two tau-functions
The main result of our “experimental” investigation is a conjectural formula connecting two
tau-functions (Kontsevich–Witten and Hurwitz) defined in the previous sections. Namely, on
the basis of the explicit calculations, we claim that3
ZK(τk = t2k+1) = ÛKH · ZH(tk;β) (37)
with
ÛKH = e
V̂0 · eV̂+ · eV̂− · e
−
∑
k>0
kk−1βk−1tk
k!g2 (38)
and
V̂0 = a0 log β L̂0
V̂± =
∑
k>0
a±kβ
∓kL̂±k
Here, ak are rational numbers. Let us stress that the genus expansion of two tau-functions
connected by this relation is quite different (see (4) and (3), respectively), thus the dependence
on the variable g is nontrivial. Let us stress that in this formulation the change of variables
is performed by the Virasoro operators, thus a problem with non-invertible change of variables
does not appear at all.
The first part of the relation between two tau-functions is known and
ZHodge(tk) = exp
(∑
k<0
akβ
−kL̂k
)
exp
(
−
∞∑
k=1
kk−1βk−1tk
k!g2
)
ZH(t)
= 1 +
t2β
3
6
+
t1
2g2 + 8 t1
3 + 6 t3g
2
48g2
β4 +
1
120
t2
(
60 t1 + g
2
)
β5
+
500 g2t2
2 + 414 t3g
4 + 80 t1
3g2 + t1
2g4 + 240 t1
4 + 2160 t1t3g
2
1440g2
β6
+
2 t2g
6 + 21224 t4g
4 + 15155 t1
2t2g
2 + 7000 t1
3t2 + 5250 t2t3g
2 + 1400 t1t2g
4 + 16800 t4t1g
2
10080g2
β7
+O(β8)
(39)
is a generating function of the linear Hodge integrals (for more details see an excellent paper by
Kazarian [20]). From this relationship, the coefficients ak for the non-positive k can be extracted.
Namely, a0 = −
4
3 , as it follows from the Theorem 2.3 of [20], while coefficients for positive k can
be restored from the equation
exp
(∑
k>0
a−kz
k+1 ∂
∂z
)
· z =
z
1 + z
e
− z
1+z (40)
The first few coefficients ak are given in the following table:
3We have compared the first 150 terms on both sides of this relation.
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k −1 −2 −3 −4 −5 −6 −7 −8 −9
ak −2 −
1
2
−
1
2 · 3
0
3
23 · 5
1
32 · 5
−
211
23 · 33 · 7
−
187
23 · 33 · 7
21751
27 · 32 · 5 · 7
The operator V̂+ is a core element of our conjecture. We have found the coefficients ak for the
positive k by a direct calculation, namely
k 1 2 3 4 5 6 7 8
ak −
2
3
22
32 · 5
−
2
33 · 5
11
35 · 5 · 7
11
36 · 52
−
24
37 · 52
−
359
38 · 53 · 7
13 · 3137
2 · 39 · 53 · 7 · 11
Unfortunately, we do not know any simple recursion relation for the ak with positive k. The
only observation we made is that an expression
f(z) = exp
(∑
k>0
akz
1−k ∂
∂z
)
z
1 + z
e
− z
1+z (41)
is even
f(z) = f(−z) (42)
This property could be related to the fact that the Kontsevich–Witten tau-function satisfies
the KdV equations, that is 2-reduction of the KP hierarchy. Let us stress that the operator,
connecting ZK and ZH , can be represented in various ways, so most probably the representation
(38) can be further simplified.
The formula (37) can be of use for investigation of both the Kontsevich–Witten tau-function
and the Hurwitz tau-function. For the Kontsevich–Witten tau-function it gives an integrable
representation in terms of GL(∞) operators. This relation also could be used for construction of
a new matrix model representation in terms of times, contrary to the Kontsevich matrix integral
representation, dependent on the external matrix. For the Hurwitz tau-function, our conjectural
relation should allow to derive a set of the Virasoro constraints by a simple conjugation of the
constraints for the Kontsevich–Witten tau-function. Namely
L̂nZH(tk;β) = 0, n ≥ −1 (43)
where
L̂n = Û
−1
KH
(
L̂n −
∂
∂τn+1
)
ÛKH (44)
We guess that this transformation can be given in terms of the global current on the Lambert
spectral curve.
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5 Conclusion and open questions
In this letter, we present a conjectural relation between two important generating functions of
enumerative geometry: the Kontsevich–Witten tau-function and the generating function of the
simple Hurwitz numbers. Known and conjectured formulas for these two tau-functions contain
three different types of operators significant for modern string theory and enumerative geometry.
These three types of operators are the Givental operators, the operators generating symmetries
of the integrable hierarchies, and the cut-and-join operators.
Givental operators constitute a special class of operators given by the quantization of quadratic
hamiltonians [25, 26]. These operators correspond to the particular transformations of the
bosonic currents on a spectral curve. They allow to express some of non-trivial partition func-
tions of string theory in terms of elementary building blocks, such as Kontsevich–Witten tau-
functions, and they are conjectured to be applicable in much more general setup. In particular,
the Givental operators naturally appear in the matrix model theory [32–37]. However, their
relation to integrability remains poorly investigated (see, however, [38]).
GL(∞) operators preserve the KP-type integrability of the partition functions, that is why
relations in terms of these operators look particularly attractive in the context of integrable
systems. They are generated by the powers of the bosonic field current and its derivatives. Some
matrix integrals can be related with elementary functions by means of GL(∞) operators [17,18].
The cut-and-join operator, appearing in the description of the simple and double Hurwitz
numbers, also belongs to the gl(∞) algebra. However, some other cut-and-join type operators,
appearing in the description of the more general Hurwitz partition functions, do not belong to
this algebra [14,39,40].
It would be extremely interesting to explain presented conjectural relation in terms of matrix
integrals. Since both tau-functions from the conjecture can be represented as matrix integrals
dependent on external matrix, it could be possible to derive our relation in terms of the operators,
acting on the eigenvalues. Relations of this type should generalize the connections between
different solutions of the Generalized Kontsevich Model, given by equivalent hierarchies (for a
review, see [41]).
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